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Abstract

We solve the variational problem associated with the total charge action on bounded domains in
D = 2 background gravitational fields. The solutions of the field equations, stability and solitons are
obtained holographically in terms of the massless spinning particles that evolve generating world-
lines which play the role of boundaries. Moreover, we construct different background gravitational
fields to apply the above mentioned program, thus we describe, in particular, solutions, stable (and
unstable) solutions and soliton solutions. © 2002 Elsevier Science B.V. All rights reserved.
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1. Thetotal chargeaction

It is well known that one of the main difficulties of variational calculus is to show the
existence of a solution to an extreme value problem. The greatest mathematicians such as
Gauss, Dirichlet and Riemann took the existence of solutions to extreme value problems
for granted. For example, in electrostatics if we have the electric potendéiatl look for
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a stable equilibrium of the system, then we must solve the existence of a minimum of the
energyD (u) given by the following Dirichlet integral:

D(u) :/ |Vu|?dA,
2

wheres2 is a domain ifR2. The non-negativity of the integrand in this action led Riemann
to the conclusion that there had to be a function which minimizes the energy and thus
solves the Dirichlet problem. Later, Weiertrass showed that the a priori existence of a
minimizing solution in a variational problem is by no means assured and that, in the general
case, its existence cannot be assumed. He gave examples where the lower bound cannot be
reached.

A simple example, of a variational problem with no solution in general, appears when
studying the two-dimensional non-linear®) sigma model and it will be the main aim
of this note. An interesting approach to this model was given in [10]. The main idea was
to identify the unit normal vector field, or, more correctly, the Gauss map of a surface in
RR3 with the vector field of the @) model. In this way, a correspondence may be defined
between surfaces iR and solutions (solitons in general) to the field equation of the model.
Let (M, g) be isometrically immersed in the EuclideRA and putN to denote its Gauss
map. The pullback)*(do?), of the element of areapd, on the unit two-sphere, defines
the so-called charge density alol, g). It is computed to bev*(do?) = G, dA, where
dA andG, are the element of area and the Gaussian curvature, respectivélf, gf. Now,
let 2 € R? be a bounded domain with smooth boundasy, and consider the spack, of
embeddingsp, from £2 in M. The total charge, or total curvature functior@l,: I — R,
is defined by

Ce(9) =/ G, dA.
¢ (£2)

This functional measures the area of the spherical image (&f) via N in the unit
two-sphere. In particular,

0= / N*(do?)
M

is interpreted physically as a topological charge of the soliton and when the configuration
M is assumed to be compact, the@ & its Euler characteristic.

If (M, g)is around sphere, then the variational problem associated with the charge action
C, has no solution. We cannot finil € I" such thaiCy(¢) is a minimum. What is more,
as a consequence of our results here, it does not even have any critical point. Curiously
enough, however, ifM, g) is an anchor ring, then domains with minimum and maximum
charges are obtained. In fa€t, reaches its minimum (respectively, its maximum) wiszn
is an annulus and, : 2 — M maps diffeomorphically2 into the region of M, g) made
up of hyperbolic points (respectively, elliptic points) apgl9£2) is just the two curves of
parabolic points iM, g).

Since the dynamics associated with the total charge action is intringié/1@), we
deal with smooth surfaces in general, no matter the ambient space, p&hapsere
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they could be immersed. Therefore, in this nae will denote a surface ang any Rie-
mannian metric onM. Also, V& and G, will denote its Levi-Civita connection and its
Gauss curvature function, respectively. Thus, in this context, we can consider the charge
density along(M, g) and then to study the field theory associated with the Lagrangian
defined as the charge action operatdy, In order to do that, we first notice that the
Gauss—Bonnet formula gives a natural relationship between the total charge functional
of a domain,¢(£2), and the one which measures the total curvature of its boundary,
¢(082), in (M, g). Therefore, we definel to be the space of closed curvesin (one

can consider immersed curves in a more general context, as we did in [1]) andHgfine

A — R by

Foy) = //cg ds,
Y

wherex, is the oriented curvature gfin (M, g). This action defines a model of massless,
spinning, relativistic particle, on a curved background gravitational field, in whiskthe
proper acceleration of the particle. The model was first introduced, about 10 years ago,
by Plyushchay [11-13] and then widely studied (see e.g. [5-9]). As we said before, both
actions have to obey the Gauss—Bonnet formula,

Co(@) + Fg(¢(3982)) = 27(1 — h),

wheren is the number of holes a®. This formula gives a kind of topological holographic
principle. However, by studying the variational problem associated fjth(both varia-

tional problems are equivalent) we will obtain the real holographic core of the subject [3].
The solutions of the motion equations for charge dynamics so as the stability of solutions
and soliton solutions are available, in some sense, in the behavior of the charge along the
boundary.

2. Critical pointsand stability

In (M, g), we defineP, = {p € M/Gy(p) = 0}, the set of zeroes of;, and
Rq{p € Py/V8G,(p) # 0O}, whereVEG, represents the gradient 6f, in (M, g). If
(M, g) is the Euclidean plane, then the turning tangents theorem giyee) = 2r -i(y),
wherei(y) is the rotation index of. Moreover,F, is constant on each regular homo-
topy class of curves ial. In studying the variational problem associatedAg in higher
dimensional backgrounds [1], we found that the same happens in any surface with zero
Gaussian curvature but, in contrast with this fact, there are no critical points when con-
sidering non-zero constant Gaussian curvature surfaces. In fact, we have the following
result.

Theorem. For agiveny € A, thefollowing assertions hold:

1. y € Aisacritical point of F, if and only if it is contained in P,.
2. Acritical point y of F, isstableif and only if it is contained in R,.
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In particular, a massless, spinning, relativistic particle evolves in (M, g) with world
trajectory contained in P, and a stable relativistic particle hasworldlinein R,.

Proof. The first-order variation of the action functior#&) onthe space of elementary fields,

A, can be easily computed from a standard argument which involves some integrations by
parts. Therefore, forany € A and anyW e T, A (a vector field along ), we may consider

a curve inA which is defined inM from the variation® : [0, L] x (—¢,&) — M, by

D(s, 1) = exp, st - W(s). Letus denote by (s, t), N(s, t), W(s, t) the usual extensions

to @. Then we have

L
9 @51 = / (W, E) ds, 1)
dr 0

whereE(s,t) = RS(N(s,t), T(s,1))T (s, t), R® being the Riemannian curvature tensor
of g. By evaluating (1) at = 0, we obtain thay is a critical point ofF, if and only if
R8(N(s), T (s))T (s) = 0, proving the first statement.
To compute the second-order variation of the Lagrandfiarlong A, we differentiate
(1)
2

d L -
@fg@(s,t)):fo (Vi W, E>ds+/o (W, Vi E) ds,

and evaluating at= 0, we get

2

d G
G2 e (@ Dm0 = ya_fg.f=o<W(”’ N(s)) ds. @)

It is enough to consider variations associated to vector given by W(s) = ¢(s)N(s).
Then

d? dG
—Fo(P(s,1))=0 = /(p—g ds. 3)

dr? y 0t 1=0
Using polar coordinates around the points of the elementaryjfiglee can compute
3G,

at |t=0 = NGy,
and so
@fg(qﬁ(s, 1))t=0 = fw -N(Gyg) ds. 4)

14

Onefinishes from (4) by observing thatthe gradier@ghlongy is preciselWé G, (y (s)) =
N(Gy) - N(s).

Combining the above result and the Gauss—Bonnet formula, we obtain the following
consequence which gives an interesting interplay between bulk and boundary dynamics. It
states that all information about tig dynamics in the bulk of a bounded region is available
on the boundary of the region. This can be viewed as an example of what holography may
mean [3]. a
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Corollary. The critical points of the total charge action are those domains bounded by
worldlines of massless, spinning, relativistic particles that evolve free of chargein P,. The
stable critical points of thetotal charge action are those critical points where the boundary
relativistic particlesareregular for chargedensity and sothey evolvein R, . Moreconcretely,
a domain of (M, g) isa critical point of the total charge action if and only if the charge
vanishes identically on its boundary. A critical domain is stable if and only if the charge
density is also free of critical points along its boundary. Thisis in particular case when
zero isaregular value for the charge.

3. Some examples and applications

Example 1. Let (M, g) be a surface of revolution and assume tRatis free of interior
points. Then, the regions with critical charge must be among those bounded by parallels.
Therefore, a candidate to provide a maximum or a minimum for total charge should be a
domain of(M, g) whose boundary is made up of worldlines of massless, spinning, rela-
tivistic particles that evolve along parallels. Assume fti#dt g) is obtained by revolving
around theg-axis a curvex(s) with local arclength parameterizatign (s), O, 2(s)). Then

(M, g) can be parameterized by(s, 8) = (f(s)cosd, f(s)sinb, h(s)). For a suitable
orientation, the curvature of a parallel (M, g) is k, = f’/f and, therefore, the total
tension on a given parallel € A is Fg(y) = fy;cg = 27 - f'. This indicates that the vari-
ational problem forF, reduces to a one-dimensional one: the determination of maxima,
minima and in general critical points gf. Actually, since the charge density is defined

by the Gaussian curvature function a6d = —f”/f, we have that the parallels with
critical tension correspond to the isolated zeroeg’6fln particular, we see that a domain

£2 in M carries a critical charge i, g) if and only if its boundaryp 2, is formed by
world trajectories of relativistic particles that are parallels made up of parabolic points.
Also, it is known thatN(G,) = f"/f, whereN is the unit normal vector of a paral-

lel. Consequently, the stability condition for a critical parallel turns out tofBe> 0

(or f7 < 0).

A typical example is the anchor ring of radii> r > 0. The distance to the-axis is
f(s) = a4+ rcogs/r). This torus has exactly two parallels where the density of charge
vanishes identically, those obtained fo= +r(r/2). ThusF, has exactly two curves with
critical tension. Sincef” (r(/2)) = 1/r? and f"(—r(w/2)) = —1/r2, they are stable
and correspond to the minimum and maximunygfon the set of parallels; 27 and 2r,
respectively. Hence, the domains of the anchor ring bounded by the top and bottom parallels
are the only two regions with critical charge. Moreover, they are stable. Observe also, that
no matter what the values af andr are the absolute value of the total charge in these
critical domains is 2.

On the other hand, one can construct suitable functjols a circle so that: For any
natural numbenmn, there exists a surface of revolution of genus one with exacttio-
mains that carry critical charge. They are obtained when ratptgabolic, massless, spin-
ning, relativistic particles, that is; particles whose worldlines are formed by parabolic
points.
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Example2. Leta(s) be an unitclosed curve with positive curvatuie) in R3. For any real
numberr # 0, we can define the tube of radiusrounda by x (s, v) = a(s) + r(cosv -
N(s) + sinv - B(s)), where{T, N, B} stands for the Frenet frame af The Gaussian
curvature, that is the density of charge, of this tube with respect to the rgetrituiced by
that of R3 is given by

G —rKk COSv
&7 r2(1 — rk cosv)’

which vanishes precisely far = £r/2. Thus,F, has exactly two critical points which
correspond to two parabolic, relativistic particles. The corresponding worldlines, expressed
in the above parameterization, are givenfy= a(s) + rB(s) andB2 = a(s) — rB(s).
Moreover, sincedG,/(v)|v=+=/2 = T« /r, we see that both are stable giving exactly

a maximum and a minimum. Consequently, a tube around a positively curved closed
curve inRR3 has exactly two domains with critical charge. They are determined holo-
graphically from the above obtained parabolic, relativistic particles and so they are also
stable.

Example 3. Let M be a compact surface anpd M) its Euler characteristic. If (M) # 0,

then we can find metrics of non-zero constant Gaussian curvature (homogeneous density
of charge). Therefore, according to our theorem here, we find gravitational fields in
which are free of regions with critical charge. This is the case, in particular, for the round
two-sphere and Poincare surfaces.

In contrast with the above fact,if(M) = 0, then every metrig on M has atleasta closed
critical pointy € A for F,. This follows from the following argument: the Gauss—Bonnet
theorem implies that the seld™ = {p € M/G, > O} andM~ = {p € M/G, < 0}
are non-empty open subsetsMt FurthermoreM™ U M~ = M — P, is not connected,
so that we can find at least a closed curvePin Thus, given any gravitational fielg,
on a surfaceV with zero Euler characteristic, one can find at least a massless, spinning,
relativistic particle that evolves through a worldline of parabolic points, (here we use the
term of parabolic point even when the surface was not isometrically immersed in Euclidean
space).

Example 4. Let M be a compact orientable surface andny natural number. We have:
There exists a gravitational fiefdon M, such that M, g) has exactly: massless, spinning,
relativistic particles that evolve through worldlines which are stable critical poinfs, of
Moreover, there exist domains with critical charge and stable(i, g), which can be
holographically determined by the above-mentioned particles. To show this claim and since
the genus of is not essential in the argument, we may assume without loss of generality
that M has genus zero. Up to a diffeomorphism, we can redérds a round sphere of
radius 1 and centered at the origin[®f. Now, forn € N, we choose: real numbers

-1 < a1 <--- < a, < 1and consider the parallel plangs: {z = ¢;}, 1 <i < n.

Let f; : M — R be the restriction ta/ of the oriented height function to the plane
Thatis, if F; : R® — R is given by F;(x,y,z) = z — a;, then f; = (F;)|u. Define
h:M — Rbyh(p) =nr_, fi(p). Itis clear that the zeroes afon M are the parallels of

the sphere obtained by cutting it with the platfiés Sincer is positive somewhere, we use
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a well-known result of Kazdan and Warner [4], to obtain a background gravitational field,
g whose density of charge 8, = h. These parallels are worldlines of stable parabolic
particles because the gradientiois free of zeroes along these curves.

Example 5. As we said before, there are no domains (respectively, relativistic particles)
of critical charge (respectively, parabolic) in the usual gravitational field on a two-sphere,
that is in the round two-sphere. However, by using standard techniques on extension of
differentiable functions along with the quoted Kazdan—Warner result [4], one can find
variational fieldsg, on a two-dimensional spherical background such that

1. 0<C; <4mand—-27 < F, < 2m.

2. Moreover,g can be chosen so that the total chaigg,and the total tensior¥,, reach
either both global and local (non-global) extrema, or reach only local extrema.

3. This shows the existence of solitons, for the field equation associated with the total charge
action in those gravitational fields on two spherical background. These solitons carry
charges and, in general, they are determined holographically from massless, spinning,
relativistic particles that evolve along their boundaries.

Example 6. Again we take a compact Riemannian surfééé, g) and any eigenfunc-

tion f of its Laplacian. Let us suppose that, y», ..., y, are closed nodal curves asso-
ciated tof (recall that they are curves wheyevanishes identically). Then there exists
a background gravitational fiel@ such thatys, y», ..., v, are the world trajectories of

parabolic, massless, spinning, relativistic particlesdf g). Moreover they are the only
critical points of 7; along A. This can be seen by an analogous argument to that of the
previous paragraph. Sincg, f dv, = 0, f changes sign oM. This is enough to ap-

ply the Kazdan—Warner result. Stability here is uncertain, however, because nodal curves
may have a finite number of points where the gradient of the density of charge vanishes

[2].

Example 7. Finally, let us consider a compact surface of genus 2&randy any Jordan
curve on it. Without loss of generality we may assume tas the round sphere centered

at the origin. By using the differentiable version of the Jordan—Schoenflies theorem [14],
we can extend the homeomorphism betwgeand the equator corresponding to the plane
n: z = 0, to a diffeomorphism of the sphere. Composing now with the oriented height
function torr, one obtains a differentiable function on the sphere, which vanishgson

that is positive somewhere. Therefore, by the Kazdan—Warner result, we have:

1. For any Jordan curvg on a compact surface of genus zeg we can construct a
background variational field;, so thaty and—y are the only worldlines of massless,
spinning, relativistic particles inM, g), moreover they are stable as critical points of
Fo.

2. Fgr any one-connected domaihof M, there exists a background variational fijd,
such that?2 carries the maximum of topological charge add- 2 carries the minimum
of topological charge. Both stable bulk dynamics are holographically determined by the
above parabolic, relativistic, Jordan particles.
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